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ABSTRACT 

Let H = - A + V ( r )  be a Schr6dinger operator with a spherically sym- 
metric exploding potential, namely, V(r)= Vs(r)+ VL(r), where Vs(r) is 
short-range and the exploding part VL(r) satisfies the following assumptions: (a) 
A = lira sup,_, VL (r)< o~ (but A = -oo is possible). Denote A"= max(A,0). (b) 
VL(r)~ C2k(ro, °°) and, with some 8 > 0  such that 2k8 > 1: (d/dr~VL(r). 
(A ÷ - VL(r))-' = O (r -is) as r--* oo, j = 1, ' . . ,2k.  (c) fTo dr/I VL(r)I ''~ = ~. (d) 
(d/dr)VL(r) <-O. Under these assumptions a limiting absorption principle for 
R(z )  = (H - z)  -1 is established. More specifically, if K _C C ÷ = {z/Ira z -> 0} is 
compact and K tq ( - oo, A] = ~ then R (z) can be extended as a continuous map 
of K into B(Y,  Y*) (with the uniform operator topology), where Y C L2(R ") is 
a weighted-L 2 space. To ensure uniqueness of solutions of (H - z)u = f, z E K, 
a suitable radiation condition is introduced. 

I. Introduction 

L e t  T = - A + V ( r )  b e  a S c h r 6 d i n g e r  o p e r a t o r  in R n, n -> 3. H e r e  V is a rea l  

sphe r i ca l l y  s y m m e t r i c  p o t e n t i a l  w h i c h  can  be  d e c o m p o s e d  as t h e  s u m  of  shor t -  

and  l o n g - r a n g e  t e r m s :  

v(r )  = Vs(r) + VL(r), r = Ix I. 

T h e  f o l l o w i n g  a s s u m p t i o n s  a r e  m a d e  o n  V :  

( v o  V(r) ~ L ~(O, oo)1o,; 

( V 2 )  V ( r ) =  O(r-2*~) ,  e > 0 ,  

( V 2 ) '  ~ '  V(r )2r" -Zdr  < oo 
3o 
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as r---~ 0;  
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((V2)' follows from (V2) for n >= 4); 

~ ® dr 
(VL1) I Vt.(r)l ''2 = ~; 

(VL2) lim sup V (r) = A < oo, 

and with A ÷= max(A,0), some 8 > 0  and some positive integer k such that 
2k8 > 1, we have: 

(i) VL(r) E C 2~ (ro, ~), 

(ii) [ (d /dryVL(r ) ] (A  + -  VL(r)+ 1)- '= O ( r  -j6) as r ~  for j = 1 , . . . ,2k ,  

(VS) Vs(r)= O ( r - ' - ' ) ,  e >0 ,  asr---~o0. 

In a previous work [3] it has been shown that, under the above assumptions, T is 
essentially self-adjoint on C O ( R " )  and, furthermore, that its spectrum in 

= (A,~) is absolutely continuous. However, in the present study we must 
impose a further restriction on VL, as expressed by the following assumption: 

( V X )  VL(r) is monotone decreasing in (r0, ~), some ro > 0, 

where 8 is as in (VL2). 

REMARK 1.1. The condition (VS)can be considerably relaxed. The emphasis 
in this paper is on the role of VL, and the short-range term is used, in fact, just to 
facilitate the "smoothing" of VL by moving local singularities to Vs. 

REMARK 1.2. The condition (VX) can be replaced by other conditions, 
which do not require monotonicity, but are stronger than (VL2)(ii). In particu- 
lar, a condition like that imposed in [5] can be used (which is roughly equivalent 
to assuming 8 > '). This will be evident from the proofs. 

In this paper we propose to show that the resolvent of H satisfies a "limiting 
absorption principle" in the neighborhood of ~. This means, roughly, that the 
resolvent operator remains bounded "down" to ~, when taken in a suitable 
topology. Besides proving the absolute continuity in ~, this principle establishes 

a most important tool in the discussion of non-spherically symmetric perturba- 
tions, as will be shown in a forthcoming paper. 

The limiting absorption principle for Schr6dinger operators was first proved 
by Agmon [1] for the short-range ease and by Ikebe-Saito [4] for long-range 
potentials (with short-range radial derivative). It was then proved for certain 
types of oscillating potentials by Mochizuki-Uchiyama [6] and for exploding 
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potentials by J/iger-Rejto [5]. A treatment of another class of potentials which 

do not decay at infinity can be found in [2]. 

Our class of potentials is similar (with regard to growth properties) to the one 

discussed by J/iger-Rejto. There are, however, some significant differences, such 

as: 

(a) We allow a growth rate of r e, whereas in [5] the growth rate is at most r. 

(b) In [5], if VL is bounded then it must necessarily be decaying long-range in 

the sense of Ikebe-Saito. Here we can deal with potentials which neither 

explode nor decay at infinity. 

(c) Our weighted Le-estimates involve a weight function which depends on 

VL(r). Thus, for a growth rate of r e, our weight function behaves like (1 + r) °, 

with an arbitrarily small a > 0. 

Note that, as indicated in [3], a growth rate of r 2 is the maximal possible rate if 

an absolutely continuous spectrum is still desired. 

Our method is based on the representation of T as an ordinary differential 

operator with operator-valued coefficients, as suggested by Jiiger and Saito and 

summarized in [7]. 

Finally, let us mention that results somewhat similar to ours were obtained 

independently by L. Shwartzman, of the Institute of Mathematics at the Hebrew 

University. His methods are completely different from ours. 

II. Notations and preliminaries 

The following notations are used throughout the paper: S n-~ denotes the unit 

sphere in R ' ;  X=L2(S*-~); R+=(0,oo); L2(R+,X) denotes the space of 

X-valued LZ-functions on R +. 

Let T = - A +  V. It is well-known that by the unitary transformation 

U : L :(R n ) ~ L 2(R +, X), given by Uf(r, to) = r <'-~v2f(rto), T becomes unitarily 

equivalent to an operator of the form 

d 2 
(2.1) H = - ~ r  ~ + B(r) + C(r) 

where 

B(r)=r-2(-7% + (n -1 ) (n -3 ) )  
4 

~,. is the Laplace-Beltrami operator in X, and C(r) is the multiplication 

operator by V(r). 
Since V(r) is spherically symmetric, we can represent L2(R +, X) as a direct 

sum: 
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L 2(R~,X) = ~, ~) Mj, ~ = L2(R*), (2.2) 

such that, for every j, Mr reduces H and 

(2.3) H / M j -  dr 2 r ~ g~ 4 

where gj is the j-th eigenvalue of - A , .  

Let Co(R ÷, X)  be the set of X-valued compactly supported C" functions on 

R ÷. We denote by CF~(R÷,X)  the subset of C~(R÷,X) which consists of 

functions having only finitely many non-zero components in Y~j ~ Mj. Clearly, 

CFo(R+,X) is dense in LZ(R÷,X). 
Let ( , )x be the scalar product in X and Define a norm 

111~111 on C~(R÷,X)  by 

Ill* IllS: fo {IJ 112x +ll n4, (r)11%+ II,k (r)"~ }dr. 
The completion of C~(R +, X)  with respect to JJ{ H[ is denoted by H~(R ÷, X). 
Clearly, an element of H~(R+,X) has a weak derivative in L:(R+,X).  

Let I = [a , p ]  C_ (A, oo), where A = limsup,_® VL(r). By rearranging the sum 

V = Vs + VL we see that we may assume a > VL(r) for r E R +. 

For a small tZo > 0 set 

l l+(I)={z/a =<Rez <___~,0<Im z -<--go}, 

(2.4) 1"1+(1) = {zla < Re z < p,0 < I m  z -< go} 

We are interested in solutions of the equation 

(2.5) (H - z)u = f 

where H is given by (2.1), z = ,~ + ig E 1~+(I) and f is suitably restricted in 
L2(R÷,X). 

By standard regularity theorems a solution u of (2.5) is in H~(R +, X~ho, and u" 

exists weakly L2(R ÷, X)~ .  Thus, (2.5) holds pointwise for a.e. r E R ÷. 

We now apply a sequence of transformations of the radial variable r and the 

function u in (2.5), following [3] (taking Im V'Z --> 0 itt Im z _-> 0): 

L 6' = X/z - Vc(s)ds, D'  = ½ Vl.(r)(z - VL(r)) -m, 

(2.6) u'(6') = u (r(6', z ))(z - VL(r))'". 
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Let 

e l ( ~ l )  = _ [1 V','(r)(z - VL(r)) -2 + ~6 V~(r)2(z - VL(r))-3], 

(2.7) P~(¢~) = Vs(r)(z  - Vc(r)) -I, B'(!~ !) = (z - Vc(r))-~B(r).  

Here r and ~t are related (for a fixed z) by (2.6). 
It is now easily verified that u '  satisfies the equation 

(2.8) [ -  (d_~)2 + B'.('~) + P~+ P ~ , - 1 ] u ' ( , ' ) = f ' ( , ' )  

with fz(~z) = ( Z  - -  V L ( r ) ) - a / 4 f ( r ) .  

Note that here the differentiation is along the curve traced out by ~f' = ~(r ,  z ) in  
the complex plane. 

For ] = 2 , . . - ,  k we now define successively 

fo e,-' 1 d ! " 1 ~ = X/1--p{--!(s)ds,  D J ( ¢ J ) = ~ P ~  - (¢J--)(1--e{--t(¢J--')) -3t2, 

1 d Dj(~:j)+~[DC(s~i)]2, 
p{(~:J) = _ ~ d~ j 

B i ( ~ i )  = Bi - l (~ i -! ) (1  _ p{-l(~:i-,))-,, 

P~ = P~- ' (~:J- ' ) (1  - e { - ' (~ :J - ' ) ) - ' ,  

u'(~') = u J - ' ( ~ ' ) ( 1  - P i - ' W - ' ) ) ' .  

As shown in [3], the functions P{(~J(r, z)) satisfy the following estimates: 

(2.9) 
Pi(~ t (r, z )) = O (I z - VL(r)I-'r-~'~ ), 

d P{(¢C(r, z ) ) =  O ( I z  - VL(r)l-'r-(~'+')~), 
dr 

uniformly in z E l)÷(l) ,  as r -*  oo and j = 1 , . . . ,  k (for j = k we have only the first 

estimate). 

Set 

(2.10) 

~ = ~k, pt = p~, p2= p~, F = B k, P = PJ + P2, 

k - !  

0 (r, z )  = X / z  - V~(r)  l"I (1 - e l  (~'(r, z)))"~. 

Thus, ~ and r are related by 

(2.11) d~ = O (r, z)dr, Im O _-> 0 

and, with 
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(2.12) v = u k = x/Qu,  g = Q-3/2[, 

equation (2.5) takes the form 

(2.13) Rv =-- ( -  d2/d~ 2 + F + P - 1)v = g. 

In what follows we shall use either ~: or r, keeping (2.11) in mind. 

Note that by (2.9) and assumptions (VS) and (VL2) we have 

(2.14) P(r, z)  = O( I z  - VL(r)l-tr -~1+,') 

as r ~ 0% uniformly in z ~ (1+(I), where 3' = min(2k8 - 1, e ). 

Also, by the construction 

(2.15) F ( r , z ) = O - ~ e ( r ) = ( r O ) - 2 ( - T x ,  + ( n - 1 ) ( n  4 - 3 ) ) .  

Finally, we introduce the weighted L~.~(R÷,X) spaces: Let ~o(r)>0 be a 

continuous weight function and let/3 be a real number. Then 

+ { Lo.,o(R , X ) =  ulu EL2(R÷,X),oc,  
( 2 . 1 6 )  / II u [[~.~ = (1 + r)2ato (r)] I u (r)ll2xdr < oo . 

When t o ( r ) -  1, the index to will be suppressed: La(R2 ÷,X)  =-- L 2 ~., (R ÷, X),  and 

II. II. = II. II.., • 

IlL The limiting absorption principle 

In this section we study the behavior of solutions of (2.5) or, equivalently, 

(2.13): 

(3.1) g v  = g. 

We assume that z = A + ip. EI~+(I), I = for,/3] with a > limsup,~® VL(r). 
Following Saito [7] we call a solution of (3.1) a radiative function, if it satisfies 

a suitable radiation condition. 

Let 

(3.2) ½ < tr < min(-~ + e,½+ 6/2,2k8 -½) 

where e and 8 are as in assumptions (VS), (VL2) respectively. 

DEFINrnON3.1. Let gELE(R+,X)~oc, z E(~+(U). A function v ( ~ ) E  
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H~o(R +, X) ,~  is called a radiative function for (g, z), if it satisfies the following 

conditions: 

v solves (3.1) in the weak sense, namely, for ~b E C o ( R + , X ) ,  

(3.3) ff (v(6), g *~)xd~ = fo° (g(O, ~b (~))xd~; 

(3.4) 

We denote v = rad(g, z). 

REMARK 3.2. 

d v / d ~ -  iv U ~ + t,~_,(R , x ) .  

Using (2.11) we see that (3.4) can be written explicitly as 

f: I IV (3.5) I O I-2(1 + r) 2'~-~' do -d';r - iOv dr < oo. 
X 

Of course, the radiation condition can be written in terms of a solution of the 

original equation (2.5). However, it will be seen that (3.4)--(3.5) are technically 
advantageous, until some estimates are established and a simplified version is 

obtained (see Theorem 3.6). 

The following two lemmas deal with the uniqueness and the existence of the 

radiative function when g is suitably restricted. 

LEMMA 3.3. (Uniqueness). Let  v be a radiative function for (0, z ). Then v = O. 

LEMMA 3.4 (Existence). Let  g E C F o ( R + , X ) .  Then v = rad(g, z )  exists, for 

every z E 1~÷(I). 
In particular, if Im z > 0, f = 03/2g and u = ( H -  z )-~f, then v = ~ O u .  

PROOF OF LEMMA 3.3. Let vi be the component of v in M/ (see (2.2)). By the 
results obtained in [3] vj is a linear combination of two fundamental solutions 
~bl, 4,2 having the following asymptotic behavior: 

(3.6) 

4~(~) = e'~(1 + a~(~)), 

4~2(~:) = e-'~(1 + a3(~:)), 

d~: (~) = ie'~(1 + a2(~:)), 

d4,, 
dE (~) = - ie-'~(1 + a,(~)) 

(~ determined by (2.11))where 

(3.7) ~ [a,(~(r,z))[ = O([z - VL(r)l_'%-') 
i = l  

using [e '~ 1_-< 1 and (3.7)we see that ~b, satisfies (3.4) (more precisely, since ~b~ 

as r--->o0, ~" = min(8,2k6 - 1); 
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may be singular near r = 0, it must be replaced by y~bl, where y is a suitable 

cutoff function near the origin), whereas ~b: does not. Hence there exists a 

constant d such that 

(3.8) v~ = dckl. 

As a radiative function vj E H~(R ~)~o, so that (3.8) implies 

(3.9) d~l(0) = 0. 

If/~ = Im z > 0 then by (3.6) ~bl is exponentially decaying and together with (3.9) 

we see that Q-~ff~ is an eigenfunction of H, with a non-real eigenvalue (z), which 

is a contradiction. 
Assume now that /z  = 0, and d ~ 0. Then ~ is a real variable and 4,1 solves a 

homogeneous ordinary differential equation of the type (2.13) (g = 0). It is 
well-known that in this case the Wronskian of ~b~ is independent of ~. The 

condition (3.9) implies that ~b~ is a scalar multiple of a real solution, hence 

(3.10) W(6,,  ~,) --- real. 

On the other hand, using (3.6) we get 

W(~bl, ~1) = ,am (4,,(,)ad-~ ~-  ~b , ( , ) -~ l )  = - 2i 

which contradicts (3.10). Thus d = 0 and the lemma follows. Q.E.D. 

Paoov oF LEMMA 3.4. Let H~ = H/Mr (2.3) and, for z E fl+(l), let K~ (x, y ; z)  

be its resolvent kernel. The existence of Kj and its continuity on / ~ ÷ x / ~ + x  

I~÷(I) were proved in [3]. Let 1~ = Q3j2gj, where gj is the component of g in M~. 

Let 

fo (3.11) uj(r,z)= N(r,s;zN(s)ds 

and set v~(r,z)= V~uj(r,z). 
The integration in (3.11) extends over the support of ~. If r > sup supp L then 

(3.12) v; (r(~, z), z)  -- d4~,(~:) 

where 4~ is given by (3.6). 

Obviously, vj and gj satisfy (3.3). The validity of 0 .4)  follows from (3.12) and 
the previous proof. 

Since there is only a finite number of non-zero components gj the lemma is 

established. Q.E.D. 
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We turn now to the formulation of the limiting absorption principle in the 

transformed spaces: 

THEOREM 3.5. Let z A + il~ E ~+(I) and g E 2 + = L~.Io42(R ,X) .  Then: 

(a) The radiative function v = rad(g, z) exists and is unique. Furthermore, 

(3.13) v ~ L 2-~(R÷,X). 

(b) There exists a constant C, which depends only on (F(I)  (and the operator), 

such that 

(c) The mapping (g, z )---> rad(g, z) is continuous as a mapping of 

(3115) L~..ol2 (R +, X) x 1~+(I)---> L2_~(R +, X). 

Furthermore, if Y (z )g = rad(g, z) then the mapping 

(3.16) z ~ Y ( z ) E  2 + 2 + B(L~.,ol2(R , X),  L_~(R , X))  

is continuous, where the uniform topology is employed [or the operator space. 

PROOF. In the process of the proof, C will denote a generic constant which 
depends only on (F( I )  and the operator. Observe that by (2.14) 

(3.17) P(r,z)= O(IOl-~r -~) as r---> oo. 

We shall prove the theorem in several steps. 

Step A. Take g E CF~(R+,X). Lemmas 3.3, 3.4 imply the existence and 
uniqueness of v = rad(g, z) and the fact that v E L~-o(/~ +, X)  follows from (3.6), 
(3.12) and tr > ½. We now prove that 

,318, II o C, no" 

To show (3.18), rewrite (3.1) as 

(3.19) -N N- 

Multiply (3.19) by O and use (2.11) to get 

(3.20) dr "~ - iv - iO ~ - iv + -~ v + Jv = Og 
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where, by (3.17), 

(3.21) J = O(r  -2~) a s r ~ o o ,  uniformly in z ~1~+(I). 

Taking the real part of the scalar product (in X)  of (3.20) with dv/d~ - uv and 
denoting v' = dv/d~ we obtain 

l d  
2 dr I Iv ' -  iv II~+ (Im O ) l l v ' - i v  I1~, 

(3.22) 
+ Re (-~ v , v ' - i v )  + Re(Jv, v ' - i v ) ×  = Re(gQ, v ' - i v ) x  

x 

so that 

(3.23) Im Q _-> 0, r _-> ro 

where ro is independent of z E 1~÷(I). Also 

1 iv)x I O l - 2 ( - I m O ) ( n v ,  v)× 0 (3.24) Re ~ (By, - = >= 

where the positivity of B has been used; 

(3.25) Re --~ (Bv' v')x = l O l-2 [ l -&r '1B "2v I[~ + rll[B"2vl[2x] 

where we have used that dB/dr = - (2 /r )B.  
Combining (3.23)-(3.25) with (3.22) we have 

2drll  ivll~+lO ~ lIB'% I1~,+ IIB"2o I1~ 

(3.26) 
<-- I(Jv, v' - iv )x I + I(gO, v' - iv)x I. 

Multiply (3.26) by (1 + r ) : ' - '  and integrate from ro to r: 

fl (° >,o (,) 

(3.27) - g  

=< 1 (1 + r) 2~-111 v' - iv II~, + (1 + to) ~--' II B '%  (ro)ll~ l 0 (ro, z )V  

+ C(I[ v II-~ I[ v' - iv II-, + li g ll-ro,~ II v' - iv IL-O 
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where (3.21) and - tr < cr - 1 were used to estimate (Jr, v ' -  iV)x. Since v ' -  iv E 
L~-I(R ÷,X) and noting assumption (VX) it follows that 

a U (3.28) liminf(l+r)2"-'llv'-ivll~x=O. -d-~slO <=0. 

Using a standard trace estimate for an H 2~o, function (namely, that the H j norm 
of a function on a compact manifold can be estimated in terms of its H 2 norm in 

a neighborhood of the manifold) and lab I<= rla2+ (1/r/)b 2 we have 

(1 + ro)~'-'lln i% (ro)ll~,- < c ( l lv  I1-o + IIg 11~..o,2), 

II v I1-¢ II v ' -  iv I1o-, + IIg 11¢.~o~211 v ' -  iv I1~-, 
(3.29) 

2 , < ,7 IIv'-  iv I1~-, + c(,7)(11 o I1~-~ + IIg 11¢.,o~2), 

(3.27) combined with (3.28)--(3.29) for 77 small enough yields (3.18). 

Step B. Assuming again g E CFo(R÷,X) and using the same notation as in 

step A we now show 

f- 2 (3.30) II v (s)ll~,(1 + s ) -~as  -< Cr-'~-"(ll o I1~-~ + II g 11~.,ol2). 

To show (3.30) we start from 

2 do 

(3.31) i1~ ,~ll  =l [~l lL+, ,o , ,~  ~ , m ( ~ , o )  

To evaluate (dvld¢, V)x we proceed as follows. Take the scalar product (in X) of 

(3.1) with v: 

(3.32) ( -d2v o),+(Fv, v),,+(ev, v),,-llvll~=(g,V)x. ~--~, 

Integrate 0.32) along the curve traced out by s ~ = se(r, z) and take the imaginary 

part to get 

(3.33) 

But 

Im fo' [ -d~°  \ d'¢'O)x d~+Im fo [(Fv, v)×+(Pv, v)×-ilvH~]d'q 

fo' = Im (g, v)xd'q. 

fo ~ ( _ d2v dv • 
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Hence 

(3.34) 

(do, 
I m \ d '  V ) x = I m { f o  [ \ d - ~ ' a ' × + ( F v ' v ) × - H v [ [ 2 ] d r l }  

= 11 + 12. 

Using (2.11), (2.15) 

I, = Im { f o" (-~ l ~ss ll2 + --~ [[ B '% [[~ - ll v [[~ ) ds } , 

and since Im 1 /0  < 0 we get 

(3.35) I1 = 0. 

I~ can be estimated easily, using (3.17): 

(3.36) /2 _-< c( l l  v I1~_= + IIg Ib.rodl v II-~ ). 

Combining (3.34)-(3.36) with (3.31) 

(3.37) [Ivll%--< -d-~- iv + C(llvll~-=+ llglb.~oellvll_= ). 

Multiply (3.37) by (1 + s) -2~ and integrate from r to oo: 

(l+s)-2~llv(s)ll~,ds_---c (l+r) -~-'~-iv ~ - 1  

] 
2 2 + (1 + r) - '~- l ' [ l l  v I1~-~ + IIg I1~.~o~ ] / .  

Applying (3.18) we get (3.30). 

Step C. We now prove (3.14) for g E CF~(R +, X). In view of (3.18) it suffices 
to show that 

(3.38) IIv I1-~ -<- c l l g  I1~,~o~ 2. 

Indeed, assume that (3.38) does not hold. This means that we can find sequences 

{g,} C_ CF~(R+,X), {z,} C_h+(/), {v, = rad(g,, z, )} 

such that 

1 
(3.39) IIg. II¢.,oe = g ,  II v. II-~ = 1. 
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We can assume that z. ~ z. 

Standard elliptic estimates imply that {v,} is bounded in H~o(R +, X)~oc. Hence 

by the Rellich compactness theorem there exists a subsequence {v+. } such that 

v.. ~ v in L2(R +,X),oc 

which, together with (3.30) (applied to v.. ), yields 

(3.40) v = lim v.. in L2-~(R÷,X). 

Elliptic estimates imply further 

dr. m ~ dv 
dr dr 

(3.41) 
B inv.. ~ B 1/2v 

Applying (3.18) to v,. and passing to 

increasing intervals) we get 

in L 2(R +, X),o~. 

the limit 

,o1++,<++ 

m ~  (on a sequence of 

v is obviously a solution of (3.3) with g = 0. Thus v = rad(0, z)  and Lemma 3.3 

implies v = 0, which is in contradiction to (3.39)-(3.40). 

Step D. We now conclude the proof of the theorem by showing the 

continuity of the mapping (3.15) when g .is restricted to CF~(R +, X). The proof 

implies the existence of rad(g, z)  for a general g E L~.jo~2(R÷,X) by a suitable 

limiting process. 

_ L~,lol~(R , X ) ,  let z .  ~ z in Let {g. } C CFo(R +, X) be a Cauchy sequence in 2 ÷ 

~+(I)  and let v. = rad(g., z+). By (3.38) {v,} is bounded in L2-~(R +, X) and, by 

interior elliptic estimates, it is bounded also in H~(R +, X)moc. Thus, by the same 

argument leading to (3.40) we obtain the existence of a subsequence {v..} such 

that 

v = lim® v., in L2_~(R+,X) 

and as in the argument following (3.41) we infer 

2 2 + (3.42) v = rad(g, z),  g = lim® g~ in L,,,+ol (R , X).  
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Since every subsequence of {v.} has a subsequence converging to v, the 

uniqueness of the radiative function now implies 

(3.43) !!mrad(g., z . )  = rad(g, z)  in L~_,,(R+,X). 

Finally, to prove the continuity of the mapping (3.16) we note that (3.43) holds 

even in the case that g~ ---> g only weakly in L~,.oIe(R +, X) .  Indeed, an inspection 

of the argument leading to (3.43) shows that all that is needed is the convergence 

of the right-hand side of (3.3) (g replaced by g,) and the boundedness of {gn }, 

which is guaranteed by the weak convergence too. 

Therefore, to prove (3.16) assume, to the contrary, that there exist sequences 

such that 

(3.44) 

2 4- {g,}~L,, . ioe(R ,X ) ,  Ilg, ll~.fol~=l, z.--->z inl~l+(I) 

II(Y(z.)- Y(z))g. I1-~ ~ ,  > 0, all n. 

Now, if we extract a weakly convergent subsequence {gn, } and use (3.43) and the 

remarks thereafter we get a contradiction to (3.44). Q.E.D. 

We now formulate the limiting absorption principle for the original operator 
in R n. 

THEOREM 3.6. Let T = - A  + V be a Schriidinger operator in R n, where V 

satisfies the requirements listed in the Introduction. Let I = [a,/3 ] be a real interval 

where 

and set 

a > lim sup VL(r) = A 
r 

II*(I) = {z/a <-_ Re z _-</3, 0 < Im z </~ }, 

~1+(I) = closure of [1+(I); A + = max(A, 0). 

Let R ( z ) = ( T - z )  -1, z Efl+(I).  Let 

(3.45) to (r) = (A + + 1 - VL(r)) m 

and ½ < o- < min(½ + 8/2, ½ + ~, 2k8 - ½). Define, for s real and n = n (r) > O, 

IlYg.,, = (_ (1 + Ix I)%(Ix I)lf(x)12dx, L2 . (R" )  --/Y/Ill I1,.,, < ~). 
n 
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Then : 
(a) R (z ) is bounded as an operator from L ~.~-, (R ") into L 2_~.~( R "), uniformly 

in z E fl~(I). 

(b) R(z )  can be extended as a continuous map l~(z) of ~+(I) into 
B (L ~.o,-,, L2-~,.~) equipped with the operator norm. 

(c) Let z E~+(I), f~E L~,~-,(R"). 
Let u = l~ (z )f. Then u satisfies the following "Radiation Condition": 

fR [ Ou 2 
. ,,.,(Ixl)- '( l+lxlY'"-" T l-iV'z-V (Ixl)u dx 

(3.47) 

(3.46) f 

-<_ C JR" (1 + Ix I ) % ( I x  I)-'lf(x)l dx. 

C depends only on 0+(I) and the operator. 

PROOF. Note that by (2.10) and (3.45) there exists a constant c, depending on 
~+(I) only, such that 

c-'lO(r,z)l<=,o(r)<=clQ(r,z)l, zEfi+(I). 
Combined with (2.12) we see that (3.38) can be written as 

f . .  ~'(Ixl)(l +lxl)-2~lu(x)l ~dx 

c f,,. ,,,(Ix I)-1(1 + Ix I) 2" [f(x)l dx. =< 

The continuity properties of/~ (z) now follow easily from Theorem 3.5. As for 
(3.46), note that (2.12) and (3.14) imply 

f f  ,o(r + r (r(")/2VrQu )-  12 dSdr 

(3.48) <=C fR. +lxl)2 lf(x)l 2dx 

But 

(3.49) 

and also, by assumption (VL2), 

1 dQ 
Q dr 

d (. 1)/2 2 
I Q l ( l + r )  ='~-' ~ ( r -  ) <c~o(r)r"-~(l+ r )  -2o, 

- - - - =  0 ( r - a ) ,  r --> oo 
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SO 

2(tr 1) dX/-O z< + r )  -2~. (3.50) ( l + r ) -  I ~ l  =cto(r)(1 

Finally, writing (2.1) as 

Q(r, z) = V'z - VL(r)(1 + a(r, Z)) 1'2 

and using the estimates (2.9) we have 

(3.51) IZ - VL(r) l . la(r ,z) l . ( l  + r)ZI~-1)<=cto(r)(l +r)-2L 

Estimates (3.49)--(3.51), combined with (3.47)--(3.48), now yield (3.46). Q.E.D. 
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